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Abstract 

Coisotropic deformations of algebraic varieties are defined as those for which an ideal of the de- 
formed variety is a Poisson ideal. It is shown that coisotropic deformations of sets of intersection 
points of plane quadrics, cubics and space algebraic curves are governed, in particular, by the dKP, 
WDVV, dVN, d2DTL equations and other integrable hydrodynamical type systems. Particular at- 
tention is paid to the study of two- and three-dimensional deformations of elliptic curves. Problem 
of an appropriate choice of Poisson structure is discussed. 

1 Introduction 

Algebraic varieties (curves etc.) and their deformations are important ingredients in various branches of 
mathematics and mathematical physics. Theory of integrable nonlinear differential equations was, prob- 
ably, the most active area in recent years where these objects and their properties have been intensively 
studied. Two best known examples of such study are given by the theory of the finite-gap solutions 
and the theory of the Whitham equations [I]- [5]. The problem of characterization and classification 
of integrable deformations of algebraic curves has attracted a particular interest. In the papers [71 [5] 
Krichever formulated a general theory of hierarchies of integrable equations of hydrodynamical type on 
a Riemann surfaces of arbitrary genus arising in the Whitham averaging method. 

An alternative approach for determining and classifying the so-called quasiclassical deformations of 
algebraic curves has been proposed in [21 UHl HI] • This approach revealed a deep connection between the 
structure of possible deformations of algebraic curves and their basic algebraic properties like the Galois 
group [ini E] . Quite different method of study of the Whitham equations has been discussed recently by 
Magri [T3]. Deformations studied in the papers [HI UHl (HI US] are all two-dimensional, i.e. parametrized 
by two variables. 

In the present paper we will introduce and study a novel class of deformations of algebraic curves, 
surfaces and algebraic varieties, the class of coisotropic deformations. A concept of coisotropic deforma- 
tions of associative algebras has been formulated recently in the papers [T31 [TSl [TB] . Notions of coisotropic 
submanifold and Poisson ideal are the basic one for this approach. Here we will show that essentially the 
same idea provides us with a simple and transparent way to define and describe coisotropic deformations 
of algebraic varieties in afSne spaces. Namely, coisotropic deformations of algebraic variety are those for 
which an ideal of deformed variety is a Poisson ideal, i.e. it is closed with respect to Poisson bracket. 
We will consider simple examples of algebraic varieties such as sets of intersection points of algebraic 
curves, algebraic curves and hypersurfaces. It is shown that the coisotropic deformations of these ob- 
jects are governed by systems of differential equations of hydrodynamical type which in particular cases 
coincide with well-known integrable systems like the dispersionless KP equation, WDVV equation and 
dispersionless 2DTL equation. 



1 



We will concentrate on the study of the coisotropic deformations on plane and three-dimensional 
quadrics and cubics. Particular attention will be paid to the study of the three-dimensional coisotropic 
deformations of elliptic curves. The problem of choice of the Poisson structure is discussed too. It is 
shown that such a choice is crucial for construction of nontrivial coisotropic deformations. 

The paper is organized as follows. General formulation of coisotropic deformations of algebraic va- 
rieties is discussed in section 2. Coisotropic deformations of the sets of intersection points of algebraic 
curves on the plane are considered in section 3. It is shown that two particular classes of deformations 
are governed by the stationary dKP equation and WDVV equation. Section 4 is devoted to deforma- 
tions of plane cubics. Deformations of the space curves are discussed in the next section 5. The dKP 
equation and the dispersionless Veselov-Novikov equation govern coisotropic deformations of the special 
space curves. Two-dimensional coisotropic deformations of the elliptic curve are studied in section 6. 
The problem of choice of the Poisson structure is discussed here too. In section 7 we consider three- 
dimensional deformations of elliptic curves. Deformations of curves and hyperplanes in i?'' described by 
the Boyer-Finley-d2DTL equation and heavenly equation are presented in section 8. 

2 Coisotropic deformations of algebraic varieties 

The notion of coisotropic submanifold is a basic ingredient in the formulation and description of coisotropic 
deformations of associative algebras studied in [TU [TS] . Coisotropic submanifold F is a submanifold 
in R^" endowed with the Poisson bracket { , } such that Fj C F where Tj denotes a skew-orthogonal 
complement of F in R^" (see e.g. [17l [H]). Coisotropic submanifold can be defined as the zero locus F 
for the set of functions fj{y), i.e. 

/,(2/) = 0, j = l,...,m (1) 

such that 

{/j(y),/fc(2/)}|r = 0, j,fc = l,...,m (2) 

where yi, ...,y„ are local coordinates in R^". The definition ([l]), ([2l) is equivalent to the condition that 
all the Hamiltonian fields generated by fj (y) ate tangent to F or to the condition that the ideal J — {fj ) 
generated by the functions fj{y) is closed {J, J} C J, i.e. it is a Poisson ideal [T7l[T8j. For associative 
algebras the functions H]) are of the form [T4] 

n 

f]k = -P]Pk + ^C\k{x)pu j,k = l,..,n (3) 
1=1 

where pj,Xj{j = l,..,n) are canonical Darboux coordinates in R^". The conditions ^ define the 
coisotropic deformations of the structure constants Cjj,(x) of a associative algebra in a given basis. 
It was shown in |15] that this approach is applicable to the other algebraic structures like the Jordan 
triples. In geometrical terms equations ([T]), ([3]) with fixed x represent a set of special quadrics in i?". 

Here we will use the notions of Poisson ideal and coisotropic submanifold in a different setting. It 
will serve us to define and describe a class of deformations of algebraic varieties. Thus, let us consider an 
algebraic variety M in i?" defined by the equations 

...,p„) = 0, j = l,..,m (4) 

where pi, ...,Pn are local affine coordinates in i?". 
To define deformation of this variety 

1) we assume that the coefficients of the polynomials fj{pi, ■■■,Pn) depend on the deformation param- 

2) we embed the variety M into the space i?^" equipped with the Poisson bracket {,} and local 
coordinates pi, ...,p„, a:i, a:„, 

3) then we consider an ideal J = {fj{p;x)) generated by the functions fj{p\x) and require that this 
ideal is closed 

{J, ^} C J (5) 
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or equivalently 

{fj{p;x),fk{p;x)} \r=0, j,k = l,..,m (6) 
where F is the locus of common zeros for the functions fj{p,x), i.e. 

T = {{p,x)\f,{p;x)^0, j = l,..,m}. (7) 

In other words we require that the ideal J of the deformed variety M is a Poisson ideal. 

Definition 1 Deformations of the algebraic variety M defined by equations ^ are called coisotropic if 
the ideal J — {fj{p, x)) of the deformed varieties is a Poisson ideal. 

So, coisotropic deformations of an algebraic variety are those for which coefficients of the functions 
fj{p, x) are such that the conditions © are satisfied, i.e. the submanifold F defined by ([7]) is a coisotropic 
submanifold. 

The coisotropy conditions ([6]) impose constraints on the coefhcients of the polynomials fj {p; x) . We 
will refer to the corresponding system of equations for these coefficients as the central system (CS). The 
concrete form of CS depends on the choice of fj{p; x) as well as the form of the Poisson bracket {, }. The 
choice of the Poisson bracket is a crucial one. For inadequate choice of {, } one may have no nontrivial 
deformation. The consistency of the Poisson structure {, } with the polynomials fj{p;x) is an important 
point of the approach under consideration. 

At 771 = 71 the variety M is a set of intersection points of n algebraic curves fj{p) = in i?" and 
coisotropic deformations of each of these points span Lagrangian submanifolds in i?^" . At 777, = 77 — I 
the variety M is a curve in i?" and the conditions ^ define coisotropic deformations of this curve and 
so on. Clearly, the codimension of the algebraic variety should be greater or equal to two, i.e. 771 > 2 in 
order to be able to define its coisotropic deformation. 



3 Coisotropic deformations on the plane. Deformations of the 
sets of intersection points and curves 

On the plane the variety M is defined by two equations 

/i(p,'7) = (8) 

and 

f2ip,q)^0 (9) 

where the affine coordinates on the plane are denoted by p and q. The coisotropic deformations of the 
variety M, i.e. the set of intersection points of the curves ([8]) and ^ is defined by the condition 

{fi{p,q;x,y),f2{p,q;x,y)} |r= (10) 

where x and y stand for the deformation parameters. The coisotropic submanifold F is this case a 
two-dimensional Lagrangian submanifold. 

This construction admits an alternative interpretation. Indeed, let we have the algebraic curve given 
by equation One can define deformation of this curve in the following way. First, we assume that 
the coefficients of the polynomial fi{p,q) depend on deformation parameters x and y. Then we take a 
function /2(p, g; a;, y) which is polynomial in p and q. Finally, we require that the functions /land /2 
obey the coisotropy condition (fTO|) . 

Definition 2 // the coefficients of the polynomial fi {p, q) are such that the condition ilO\) is satisfied 
then it is said that they define the coisotropic deformation of the curve generated by the function 

f2{p,q;x,y). 

Clearly, this definition is a reciprocal one: if the polynomial /2 generates coisotropic deformation of the 
curve ([8]), then at the same time the polynomial fi generates coisotropic deformation of the curve ([9]). 

Let us begin with the simplest case of the second order curves ([8]) and ([9]) . As it is well known any 
nondegenerate quadric is equivalent to 
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1. parabola 

g+/ + ap + 6 = (11) 

2. or to ellipse 

ap^ + bq'^ + cp + dq + f = (12) 

3. or to hyperbola 

pq + ap + bq + c = 0. (13) 



To construct coisotropic deformation we choose the canonical Poisson bracket in R^, i.e. {F, G} = 

dF^dG _|_ dF^dG _ dF^dG _ OF dO 
dp dx dq dy dx dp dy dq 

We consider first a parabola and choose /2 as an arbitrary polynomial /2(p, q] y). The submanifold 



fi=q+p' +a{x,y)p + b{x,y)=Q, (14) 
h{p,q;x,y)^Q (15) 



can be equivalently represented as the zero locus of the functions 



fi=q+p +a{x,y)p + b{x,y) :^0, 

~ ^ . (16) 

h^Y.''k{x,y)p^ =0 

k=0 



with certain N and ak{x,y). In the simplest case N=l, a=0 and ai = 1 the coisotropy condition ()10|1 
gives aox = 0, 5j, = aoy, i.e. the deformation is the trivial shift of the parabola: b — f3o{x) + Piijj) where 
Po{x) and Pi{y) are arbitrary functions. 

In the case N=2 one has a2 = 1 and the CS takes the form 

aiy - 2aiaix + {aai)^ + 2(ao - 6)x = 0, ^^^^ 
aoy + aaox ~ aib^ + 2ao(a - ai)x = 0. 

At Q!o = a = & = it is the Burgers-Hopf equation aiy — 2a\a\x — 0. Equations ([T7)) describe the 
coisotropic deformations of the two points of intersection (p_|_, (7+), (p_, qJ) (assuming oi\ > 4q!o) 



ai{x,y) ^ jl 



P± = ^ — ± y ^al{x,y) - ao{x,y), 

q± = (ai - a)p± + ao - b (18) 
of the curves ([16]) or equivalently of the parabola 

q+p'^ + ap + b = (19) 

and a straight line 

q + {a- ai)p + b- ao =0. (20) 
Now let us consider the cubic polynomial /2, i.e. a set of intersection points for the curves 

q+p^ + ap+b = (21) 

and 

p^ + a2P^ + aip + ao = 0. (22) 

The CS in this case is of the form 
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a2y + laix - ibx + {aa2)x - {al)x = 0, 
aiy + 2aQx + aaix + 2aiaj; - 2q!iq:2x - 2a2fcx = 0, (23) 
aQy + aaox - ai^a; + ao(3a — 2012)2; = 0. 

This system contains several reductions of interest. There are two distinguished between them. The 
first is given by a = 02 = 0. The first equation (|23[) then imphes that 2ai — 36 and the rest two equations 
take the form 



iby + Aaax = 0, 
4aoj, - 3(6"), = 0. 



2, . (24) 



It is the well-known stationary dispersionless Kadomtsev-Petviashvili (KP) or Khokhlov-Zabolotskaya 
equation (see e.g. [T4j [15]). Equations ((24l) imply the existence of the function F such that h = 
2Fxx,ctQ — —^Fxy and the system (|24|) becomes 

Fyy + 2{Fxxf = 0. (25) 

It is the Hirota equation for the stationary dKP equation. 

The second reduction is given by the constraints ai = 2b, 0,2 = a- The CS ((23|) then is converted to 



ay + bx ^0, 

by + aox = 0, (26) 
aoy + {aao - b^)x = 0. 

This system of conservation laws implies the existence of the function F such that 

a — Fxxx7 b Fxxyj Q^o — Fxyy (2^^) 

in terms of which it is reduced to the single equation 

Fyyy ~t~ Fxxx^xyy {Fxxy) — PiV^ (28) 

where P{y) is an arbitrary function. At /3 = it is the celebrated WDVV equation [iniUnillT]. Note 
that the system ((26)) has appeared for the first time in the paper p?. 

Thus, the stationary dKP equation and WDVV equation describe coisotropic deformations of the 
set of intersection points of the curves ([21]) and ([22[) . The locus of common zeros for the polynomials 
([21]) ■ ([22[) coincides with zero locus of the parabola 

q+p^ + ap + b = (29) 

and the hyperbola 

/2 = + (a2 - a)q + {b - ai + a{a2 - a))p + b{a2 - a) - ao = 0. (30) 
For the stationary dKP case the equation of hyperbola takes the form 

pq-]^bp-aQ=Q (31) 

while at the WDVV case one has 

pq — bp — ao = 0. (32) 

It would be of interest to clarify the geometrical difference between the dKP and WDVV cases. 

The above construction shows also that the stationary dKP and WDVV equations describe at the 
same time special classes of coisotropic deformations for the hyperbola ([T5[) generated by parabola ([^T|) . 
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As the last illustrative example in this section we consider coisotropic deformations of a circle 

fi^p-" + +u^0. (33) 



With the choice 



the CS takes the form 



h=P^ ~ 3pq2 + ap + bq = (34) 



{ua)x + {uh)y = 0, 

iUj, - fla; + hy = 0, 

3Uj, + flj, + 6j; — 0. 

It is the stationary dispersionless Veselov-Novikov (dVN) equation (see [S]). It describes also the 
coisotropic deformations of the set of intersection points of the circle ([55)) and the cubic . 

Considering higher order polynomials /2, one gets coisotropic deformations described by the station- 
ary higher dKP and dVN equations. 

4 Deformations of plane cubics 

General form of the plane cubic is (/i = C) 

C = P^ - - UiPq - usq^ - U2P - uiq - uq = 0. (35) 
Choosing the linear second equation, i.e. the straight line 

/2 = + /3g + 7 = (36) 
and canonical Poisson bracket, one gets the following CS (a = 1) 

iS^Uix - Puiy - 2(3Py + ZP^Px + ilx - Uifiy + u^fix + fiu^x - U3y + 2(3ui(3x = 0, 

+ I3ui, + 6l3-fl3, - 2jPy + P^u2x - 213-iy = 0, 

fiUQx - Uijx - U2jy - Uoy + 3uoPx - 7"2y " 277^ + 37^7y + PjU2x - 'JUi'Jx + ilU2l3x = 0. 

The variety M for the choice (|36p consists of at most three points of intersection of the cubic ([35|l 
with the straight line ([36| . Coisotropic deformations of these three points are described by the CS ([37|l 
and generate three surfaces in i?^. 

In the particular case U4 = U3 = U2 = 0, a = 1, 7 = the CS system takes the form 

- \(iPx = 0, (38) 
uiy - Pui.^ - 2ui/3j. = 0, (39) 
uoy - Puox - ^uoPx = 0. (40) 

These equations describe deformations of the moduli uiand uq of the elliptic curve. The behavior of 
the moduli is defined completely by the solution of the Burgers- Hopf equation for /?. For the discriminant 
A = 16(4uf + 27uq) of the elliptic curve (see e.g. [231 [2l|) one has the equation 

Ay - - 6(3,A = 0. (41) 
while deformation of the invariant j = 12'^ 4it^'+27M^ ~ 3^4^^ is defined by the equation 



(37) 
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jy - Pjx = 0. 



We see that at the points of the gradient catastrophe for Burgers-Hopf equation where Px, Py oo 
the moduh ui, uq and the discriminant A exhibit gradient catastrophe behavior too. 

Stationary solutions of the CS (|37p with constant U4, U3, M2, wi, uq are of interest too. It would 
correspond to Abel's approach to the law of addition on the cubic (see e.g. [24], section 2.14). In the 
case M4 = U3 = U2 = the CS ([37|) is reduced to the system 

2P(3y + Sl3^l3x+3jx = 0, 
2uif3x + 6jf3l3x + 2{jP)y = 0, 
-uax + 3uo(3x+77y + 3-f^f3x = 0. (42) 

This overdetermined system, obviously, may have nontrivial solutions only for very special (3, 7 and 
constant uq, "i- 

For general polynomial /2 the variety M has also the basis 



C = 0, 

/2 = aiq)+f3{q)p (43) 
where a{q) and P(q) are arbitrary polynomials in q. 

5 Deformations of space curves 

In three and more dimensional spaces a zoology of algebraic varieties is richer and correspondingly their 
deformations form a much larger collection of different cases. 

In the three-dimensional afhne space an algebraic curve is defined by two polynomial equations 

fl{Pl,P2,P3) = 0, /2(Pl,P2,P3) = 0. (44) 

Coisotropic deformations of this curve are defined by the condition 

{flip; x), hip; x)}\r=0. (45) 

A coisotropic submanifold T typically is the four-dimensional submanifold in R^. 
A simple example is provided by the twisted cubic defined by the equations 

fi=P2+pl + u = (46) 

and 

f2^P3+pl + vpi+w:^0 (47) 

which is one of the first standard examples in all textbooks on algebraic geometry. The CS with the 
choice of canonical Poisson bracket in in this case is given by the equations 



So, f = |u and one has the system 



Uxa + VUx^U - Wx2 



3ut 



■ 2wxi = 
- 2vx, = 



0, 
0, 
0. 



(48) 



0, 

3-^x2 + 4^X1 = 



+ -^UxiU - Vx 



(49) 
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which is the dKP equation. Thus, the three-dimensional coisotropic deformations of the twisted cubic in 
are doverned by the dKP equation. For polynomial solutions of the dKP equation the family of the 
deformed varieties in defined by the equations 

/i = P2+pI + u{xi,X2,X3) ^0, (50) 

3 

/2 = P3+pI + -u{xi,X2,X3)pi+w{xi,X2,X3) ^0 (51) 

(i.e. the submanifold F) is the algebraic variety too. 

We note that on the plane p2 , P3 the twisted cubic ((46|) , (|47p is the cubic curve given by the equation 

P3^ +P2^ + {3u-2v) p2^ + 2 wp3 + (w^ + 3 - 4 vu) p2 + (m^ + - 2 vu^ + v^) 0. 

It is obvious, however, that this cubic curve is degenerate for all the values of u and v since it has 
polynomial parametrization given by (I46p . (|47p . Deformations of nondegenerate elliptic curves will be 
studied in next section. 
Choosing 

n-2 

/2-Pn+K + E"feP^' (52) 

one constructs the coisotropic deformations of the n-th order curve in . These deformations are 
described by the higher dKP equations. 
Another simple example corresponds to 

/i = pI+pI+u^O, (53) 

./2 = Ps+Pi- iPivl + «Pi + = 0. (54) 

This curve M is the intersection of the cylinder defined by the first equation and cubic surface given by 
the second equation. 

The coisotropy condition gives rise to the following CS 

+ (wa)x, + (m6)x2 = 0, 
Swxi - a^i + fox2 = 0, 

3^X2 + 0.X2 + bxi = 0. 

It is the dVN equation (see e.g. [15]). For higher order /2 coisotropic deformations are described by the 
higher dVN equations. 

Finally, let us consider the case 

/i = PiP2 + upi + V ^ 0, 

/2 = P3 + ap\ + (ipl + api + & = 0. 

This curve is the intersection of cylindric hyperbola and paraboloid. Its coisotropic deformations is 
described by the following CS 

Ux3 + awxi - P{u^)x2 + 2awxi - bx2 = 0, 
+ (az;)xi - 2/3(uu)x2 = 0, 

ax2 - 2auj;i = 0, b^i - 2/3ux2 = 0- 

This hydrodynamical system has distinguished reductions. At a — Q^a — Q,j3 — i it is the 2+1- 
dimensional generalization of the one-layer Benney system proposed in [51 [55]. At /3 = — a = ^ it is the 
dispersionless Davey-Stewartson system considered in [?7] . 

We note that deformations considered in this section can be treated also as coisotropic deformations of 
a surface given by equation fi(pi,P2,P?,) — generated by a surface defined by equation /2(pi,P2,P3) = 
(or vice versa). 
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6 Coisotropic deformations of elliptic curve. Two-dimensional 

case 

Now we will consider coisotropic deformations of nondegenerate cubics. This case is of importance since 
it provides us with the example of deformations for algebraic curve of nonzero genus. 
General cubic is given by equation ((35)) . i.e. 



^ = P3 -P2 - U4P2P3 - U3P2 - U2P3 - U1P2 - Mo- (55) 

where for further convenience we have changed the notation {p — p^, q — p2). To construct coisotropic 
deformations of the cubic ([55]) we choose the canonical Poisson structure in and functions 

fn ^Pn- an{p2) - Pn{P2)P3 = (56) 

where a and /3 are polynomials in p2 with coefficients depending on the deformation variables X2,X3,Xn- 
It is quite instructive to consider first the particular deformations which correspond to a cyclic variable 

X2, i.e. when Ui = Ui{x3, Xn). In this case p2 appears in (|55p . (j56p as a parameter X ~ P2 and the 

corresponding deformations of the cubic (j55[) are two-dimensional. 
So we consider the cubic 

£ — p^ — ~ U4XP3 ~ uzX^ — U2P3 ~ uiX — ua = 0. (57) 

We choose the generating function as 

fb =P5- vaX^ - viX -vq- (v2 + X)p3 (58) 
in order to get a CS allowing deformations for all coefficients Ui of the cubic. The coisotropy condition 

{/5,f}|r = 

gives the system 

0x3 dX3 

du3 dv2 dv3 

"5 Ui—— = 

0x3 0x3 0x3 

dv2 dui dui du2 , ^ dvi 

"4-5 T— + ■7T—V2 + -7^ 1- 2 -— = 

0x3 0x5 0x3 0x3 0x3 

du3 dui dv3 du3 dvi ^ ^ dv2 , . 

0x5 0x3 0x3 0x3 0x3 0x3 

du2 ^ ^dvQ du2 dv2 

- h 2 h V2 + U2T, = 

ox^ 0x3 0x3 0x3 

dui duo , dui dvo dvi , „ 9^2 „ 

- ^ h -7, h ^ V2 - h 2 Ul = 

0x5 0x3 0x3 0x3 0x3 0x3 

duo , duo dvo ^ ^dv2 „ 

- ^ h — V2 ~ 1*2^ h 2 - — uq = 0. 

0x5 dx3 dx3 dx3 

In this and next sections in order to avoid triple indices we write the derivatives in the explicit way. The 
first two equations imply that 

1 1 1 2 

^'3 = "2^4 V2 = --U3 + -U4. 

and the system (j59p becomes the system of five equations for uq, mi, W2, "3, U4. The fields f 1 and vo can 
be considered as a couple of gauge fields. 

This system admits several reductions. The most interesting one corresponds to the constraint u^ — 
0, U2 = 0. In this case V3 — 0, 2u2 = —1*3, 2vi = —U2, vo — and the above system is converted into 
the following 
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du3 _ 


3 dus 






dx5 


2 0x3 


0x3 




dui 


1 dui 


du3 


9uo 


dx5 




- ^ — ui H 
0x3 


dx3 


duQ _ 


du3 


1 dufj 




dx5 


— "0 - 
0x3 


2 0x3 





(60) 



which is the weh known 3 component dispersionless KdV equation (see e.g. ([35]). Solutions of this system 
describe 1+1 dimensional coisotropic deformations of the elliptic curve £r = P3^ — — U3\^ — uiX — uq. 
generated by the standard symplectic form and the polynomial /s,^ — Pb ^ Xp3 + ^P3- 
This evolution coincides with that obtained earlier in a totally different manner in 9 . In order to complete 
the comparison with the results presented in the paper 9 we will show how coisotropic deformations 
give rise to corresponding system in terms of Riemann invariants. First we present the elliptic curve in 
the form 6^ = p3^ — (A — ei)(A — e2)(A — 63). Then it is a simple check that the coisotropy condition 

{fe,/5}|r = (61) 
is equivalent to the 3 component dKP system in terms of Riemann invariants, i.e 



dei f 3 1 1 \ dei 



dx.-yi'^^r'^r'j dx3' 

563 /I ^ 1 ^ 3 A de3 

From the algebro-geometrical characterization viewpoint three of five parameters Ui,i ~ 0,1,2,3,4 
for an elliptic curve are redundant (see e.g.|23;). Only two special combinations of ui (moduli g2 and 53) 
are essential and the canonical form of elliptic curve is 

8, = ^3' - (^2' + 927^2 + 53) = 0. (63) 
Moduli (?2 and 173 are given by the formulae [23j 

1 2 2.1 
52 = ui - g-us 53 = Wo + ^U3 - gMlUS- (64) 



where for sake of simplicity we choose U4 = U2 = 0. General cubic (|55p is converted into the canonical 
form by admissible transformation (u^ — U2 = 0) [23j 

P2 = 7r2 - -^"3 P3 = 7r3. (65) 
Direct calculation gives the following equations for moduli 



9g2 _ %3 _ 5 9^2 2 du3 

o o ^3 n a 9'2i 

0x5 0x3 6 0x3 6 0x3 

d93 5 dg3 1 dg2 dg3 

= -7 -^"^3 - 1:^92 - ^U3, (66) 
0x5 6 0x3 6 0x3 0x3 

du3 dg2 5 du3 

8x5 8x3 6 8x3 

This system contains not only moduli but also the function U3. One can, in principal, express U3 in terms 
of g2 and 53 solving the third of above equations (Burgers-Hopf equation with the source) or equivalently 
solving the Hamilton-Jacobi equation 



5 

12' 



6.3)' -52 = (67) 
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where (j)x3 — U3. 

Thus, the system (j66l) governs the coisotropic deformations of moduh of elhptic curve parametrized 
by two variables X3 and X5. Equations (|66p allows us also to find deformations of the discriminant S and 
invariant J of elliptic curve. The corresponding equations are rather complicated and we do not present 
them here. For illustration we consider the following simple solution of the system (|66p (C is an arbitrary 
constant) 



U3 = C, 

C 

Uq^ X3- —X5 + — 

which provides us with simple, linear deformation of the elliptic curve. For this solution the discriminant 
is equal to 

A(x3, xs) = 16(4 2:5' + ^ X5^C^ - y xsC^ + ^ + 27 ~ 45 X3X5C + y xaC^). (69) 

In the particular case C = we have A(0, 0) = and so a,t X3 = X5 = the curve is singular. Deformation 
(variation of 0:3 and 2:5) however generically desingularize it. Conversely, if C 7^ then A(0,0) ^ 0, but 
the deformation produces A which may be different from zero not everywhere. This deformation changes 
J and, therefore, changes the elliptic curve. We note also that for this solution the family of deformed 
cubics is the algebraic variety too. 

Thus, it is very natural to look for coisotropic deformations of moduli starting directly from the canon- 
ical form ([63]) of elliptic curve. One immediately finds that the canonical Poisson structure considered 
before is not appropriate in this case since the coisotropy condition with such a Poisson bracket gives rise 
to only trivial deformations. Thus, one should search for an adequate Poisson structure. 

One way to find it is to study transformation of the canonical Poisson structure under the transfor- 
mations of Darboux coordinates pi, Xi to new coordinates tt^, given by the formula (|65p and by tts = P5, 
Ti — Xi, i = 2, 3, 5. Direct calculation gives the following transformed Poisson structure 



in.. 




= 0, i,j = 


2,3,5 


{n, 


7Tj}r7T 


= <5.y, i,j ■ 


= 2,3,5 




TTj IrTT 






3 0x3 


3 9x5 



(70) 

'j2, = 2,3,5. 

It is not difficult to check that the coisotropy condition 

{^c, J^'^lr.lr = (71) 

with the Poisson bracket (iTOl) and J^^^ l^^^^^. = tts — 7r27r3 -I- ^i^z gives the system 

One can perform similar transformations in other cases. The problem of consistency of an algebraic 

curve and corresponding Poisson structure which allow to construct nontrivial coisotropic deformations 

will be discussed elsewhere. 

Finally, we note that the results of this section can be extended to hyperelliptic curves. Indeed, of 

one takes a hyperelliptic curve 

2n 

P2n+l'^ =^2^""''^ +^Vi{x2n+l,X2n+3)P2\ (72) 
1=0 

choose the polynomial functions of the form f„i = P2n+3 — {J2'i^o'^iix2n+i, X2n+3)p2^)p2n+i then the 
coisotropy condition with the canonical Poisson bracket reproduces hydrodynamical type systems derived 
by a different method in the paper [5]. 
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7 Three-dimensional deformations of elliptic curves and Poisson 
structures 



We will consider now fully three-dimensional deformations of the general cubic ([55)1 . We take the canonical 
Poisson bracket in i?^, choose the generating function as fi = Pa — V'l' ~ 'U2P3 — — uq and denote 
deformation variables by X2,X3,X4. The coisotropy condition takes the form 

{P4 - P4(P2,P3),f }|r = CrP2^P3 + C&P2^ + C5 P2P3 + C4P2^ + C3 P3 + C2 P2 + Cq = (73) 

where 

du4 „ dv2 

=2 ^ ^ 

0x2 0x2 

du3 dvi dv2 , „ dv2 

•^6 =2- 3- Ui-^ ^'2-— 

0x2 0x2 0x2 0x3 



C4 
C3 
C2 

Co =Vi- 

JX2 0X2 0X3 0X3 0X4 0X2 0X3 

(74) 



du4 

dx2 


- U4 


dvi dv2 , du4 

2u3- (- 

0x2 0x2 0x3 


dv2 

-f U4-^ 

0X3 


2dv2 

U4 t: 

0x2 


du4 
0x4 


1^ + 2 
0x2 


dvi 

9x3 


U4U3 


dv2 
dx2 


^ ^ du3 du3 ^ 2 ^"1 
dx2 0x4 8x2 


_3 9z)o _ 
dx2 


2u3t: 

0x2 


du3 

1- V2-^ 

0X3 


dvi 

- U4t: 

0x3 


f 2U3- — 

0x3 


U4U2 


dv2 
dx2 


dx4 8x3 dx2 


dvo 

~ ""4^ 

0X2 


dv2 

- Ul- h 

0x2 


du2 

- V2-^ h 

0X3 


dv2 
0x3 




U4UI 


dv2 
dx2 


dui duo dui 


-^U3-— 

0x2 


dvi 

- 

0x2 


dui 

+ V2^ 

0X3 


dvo 
- U4- — 
0x3 


dvi dv2 

- U2- 

0X3 0X3 


duo 
dx2 


- Ul 


dvo duQ dvo 

-5 1- V2^ U2- 

0x2 0x3 0x3 


duo dv2 

U4UQ- (- 2 

0x4 ax2 


dv2 

dX3 







Thus, the coisotropy condition (|73p is equivalent to the equations = 0. The conditions ct — Q and 
Cq — Q imply that 

2 2 2 2 4 9 -^du4 

W2 = o"4 , Vi = -U3--U4 +--^ T^- 75 

3 3 9 3 0x2 0x3 
The rest of these conditions give rise to the system 

dui 2d ) ^ 2 ^"4 4 du4 2 ^"2 4 4 9m4 d du4 8 d d'^U4 

dx4 3 9x2 ^^""^ 9"** dx2 dx3 8x2 3 8x3 98x28x2 8x3 9 8x2 8x3^ 

8u3 2 8u4 8u3 „ 8ui 8vo „ 8vi 2 8U3 8vi 4 8U4 

"H = ~ o'"4"3-5 K Vi- h 2 3 2U3- h -M4-5 "4 -5 h 7;U3^ — 

8x4 3 8x2 8x2 8x2 8x2 8x2 3 00:3 8x3 3 02:3 

du2 2 8u4 8vq 8u2 8vq 2 du4 2 8u2 2 du4 

Tr~ = ~ q"4M2^ y- 2 h Vi- U4- ^Ui— + -U4- h -U2^ 

8x4 3 8x2 8x3 8x2 8x2 3 8x2 3 00:3 3 0x3 

£?ui 2 8u4 8uo 8ui 8vq 8vi 2 8ui 8vq 8vi 4 8u4 

"5 ^ ~ o'"4'"l-^ h 2 h Ul- 2U3- Ml- h -^4-^ "4-^ U2-^ h - Ml- 

8x4 3 8x2 8x2 8x2 8x2 8x2 3 8x3 8x3 8x3 3 8x3 

8uq 8uq 8vq 2 8uo 8vq 2 8U4 4 9m4 

Tr~ ^'"^T> ""1;^ ^ q"4;^ U2^ q"4Wo^ ^ Q 

c'a;4 8x2 8x2 3 OT3 02:3 3 c'a;2 3 0x3 

where again Ml = |m3 - |m42 + I g|^"'fH|. 
This system governs three-dimensional coisotropic deformations of the elliptic curve (j55p . From the 
viewpoint of deformations of space curves it describes deformations of a space curve which is the inter- 
section of a cylindrical surface generated by the cubic (|55p and a space quadric defined by the equation 

fi=PA- P-l' - U2P3 - U1P2 - Mo = 0. 

We note that this system contains an arbitrary field vq . It is associated with the gauge freedom for 
the system. In the gauge 

I2 I22 4 8 8 f I3I \ 



(76) 
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this system coincides with the dispersionless hmit of the first hidden KP system considered in 12J. So, 
it is natural to refer to the system ([76|l as the genus 1 KP system. 

Now we will extend the observation on the transformation of the Poisson structure done in the previ- 
ous section to the three-dimensional case and will analyze relation between different Poisson structures 
which produce the same integrable systems. We consider the general cubic ((55)) . As before admis- 
sible transformations are those which do not change the genus. Let us denote new coordinates by 
^2,3,4, "■2, 3,4- The only admissible transformations are the graded transformations TT2 — P2 + ot{x2, X'i,XA) 
and TTs = P3 + (3i{x2,x^,X4)p2 + /3o(a;2, xs, a;4). In order to preserve the gradation we perform similar 
change of the coordinate 7r4 = p4 -)- 73 (2:2 , a;3 , X4 )p2 ^ + 72 (2^2 , 2^3 , 2:4 )p3 + 7i {x2 ,x^,Xi )p2 -|- 70 (0:2 , a;3 , 2:4 ) . 
Finally, the polynomiality in the tt^s variables of the family of Poisson tensors is preserved only if an 
adequate change of variables = £,i{x2, X3, X4) for i = 2, 3, 4 is performed. 
The inverse to such transformation is of the form 

Xt = Xi{£,2,£,3,^4) 1 = 2,3,4 
P2 = ^2 - a 

P3 = TTs - /?i7r2 + (a/3i - /3o) 

P4 = 7r4 - 737r2^ - 727r3 + (2^73 + J2P1 - 7i) '^2 + (-a^73 - a/3i72 -|- /3o72 + "71 - 7o) 

where a = a{x = x{^)) and analogously for the other coefficients. Under this transformation the elliptic 
curve is converted to 

£g =7r3^ - 7r2^ - (u4 + 2 /3i)7r27r3 - {-u^Pi - (3i^ - 3 a + U3)7r2^ - {-u^a + U2 - 2 Pia + 2 (3o)n3 

- (-2 /3i/3o - W4/3o + 2 U4Pia + 2 /3i^a + 3a^ + ui-2 u^a - U2f3i)n2 (79) 

— {u2(3ia + uq + 2 Pia Pq — fi\'c? — fii^ + u-i,c? — U2P0 — — u^Pio^ -\- u^a (3q — uia) 

and the deformation function becomes 

=Tr^ - (73 + l)7r2^ - (72 + V2)Tr3 ~ (-273a -|- 71 - J2P1 -2a- V2P1 + Vi)tt2 
- (730:^ + 72/3ia - 72/3o - 7ia -I- 70 + + V2(3ia - V2/3o - via + vq)- 
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Then the canonical Poisson structure is transformed into the foUowing 
te,e.}=0 = 2,3,4 



dxz 



El 

dX2 



7r2 + 



i = 2,3,4 



+ 72 



a;=a;{C) 



x=x(e,) 



+ (71 - 2730)—^ 
0x2 



i = 2,3,4 



{7r2,7r3} 
{7r2,7r4} 



9X2 



dX2 



7!-2 



a: = a;(5) 



972 
dX2 



x=x(^) 



d ^72 
TTs + I ^(2a73 - 71) + Pi-Q^ 



TT2 



id, 2 N / ^ /I N ^72 da da 

+ ^ — ('^71 - 70 - a 73) + (api - Po)-^ h 72^ h — 

* 0x2 0x2 0x3 0x4 



{,3,^4.(273^-/31^-^ 



+ 2a- \-2afJi- 4Q73- hpi^ h Pi ^ ^273- — 

(7x3 0x2 0x2 0x3 0x2 0x2 0x3 



973 



x = x{^) 



\ dxz 8x2 J 



x^x(() 
T^3 



dj2 



,972 



dPo 971 



971 ^ 9/3i 9/3i 9/3i \ 

9X2 9X4 9X3 9X2 / 



7r2 



x = x(i) 

972 



2973 2 a t^73 

-a a Pi- — 

9X3 9X2 



2 9/3i ^,^72,^ dl2 fl 2 972 , „ „ 972 0PO , 071 
+2q 73- a/3i- V Pot. V PqPx- 20:73- V a- — 

9X2 9X3 9X3 9X2 9X2 9X2 9X3 



dPo , 971 



971 _ ^ dPi 

9X2 9X4 



9/3i 

'9X3 



dPi 970 , dPo dPo dPo „ 970 \ 

9X2 9X3 9X4 9X3 9X2 9X2 / 



(80) 



With the choice a — ^u^ + ^-^(^4)^, /Jq = — ^W2,/3i — "^"^i equation (|79p takes the canonical form and 
the Poisson structure ([50)1 becomes an appropriate one for constructing three-dimensional deformations of 
moduli (72 and 93 of the elliptic curves. The corresponding equations are too complicated to be presented 
here. 

The observations made in this and previous section naturally lead to introduction of a notion of 
equivalent Poisson structures in the framework of the theory of coisotropic deformations. This remark is 
due to Jean-Claude Thomas and Volodya Rubtsov. 

8 Coisotropic deformations of curves and surfaces in 

Deformations of curves in defined by three equations can be studied analogously to the three- 
dimensional case. For the curves given by equations 



/i = P1P2 + api + bp2 + c = 0, 

n m 



(81) 
(82) 



k=l 



k=l 



with arbitrary n and m the coisotropic deformations are governed by the CSs which coincide with equa- 
tions of the universal Whitham hierarchy on Riemann sphere with two punctures (see [14j). 
An interesting particular case corresponds to 
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/i = PiP2-l = 0, (83) 
/2 = P3 + api - a = 0, f3=P4: + bp2-b = (84) 

for which the curve is the intersection of the cyhndrical hyperbola and two hyperplanes. In order to get 
nontrivial coisotropic deformations in this case one has to choose the Poisson bracket in the form (see 

ff \ ( df dg df dg \ 

where 71 = pi, 72 = —P2, 73 = 74 = 1- Tlicn the coisotropy conditions 



gives rise to the foUowing CS 



{/„/fc}|r=0, j-fc = l,2,3 (86) 

axt + ax.^ = 0, + bx2 = 0, (87) 
+ abx^ = 0, bx^ - bax2 = 0- (88) 

This system impHes that the variable O = log(a6) obeys the equation 

e,3,, + (expe),,,, ^0 (89) 

which is well-known Boycr-Finlcy or dispersionless two-dimensional Toda lattice (2DTL) equation. Choos- 
ing /2 and /a as polynomials of any order in pi and p2 , respectively, one gets coisotropic deformations of 
curves in i?^ described by higher d2DTL equations. 

Coisotropic deformations can be constructed also for algebraic varieties of other types in R^. For 
instance, let us consider a pencil of hyperplanes in i?* defined by the equations 



fi = P3 + {a- X)pi+bp2=0, (90) 
/2 = P4 + cpi + {d- X)p2 = (91) 

where A is a parameter. The coisotropy condition {/i,/2} |r= for all values of A with the canonical 
Poisson bracket in gives rise to 

a = $^,, 6 = $xi, c d=$x2 (92) 

and the equations 



S> — S) -Ud)<fi _(f)<B _|_(J)<J) _<I)<I) =0 

^XlXA X2X3 ^ ^X2^X\X\ ^X\^X\X2 I ^X2^X\X2 ^ X\^ X2X2 ^7 

^X,X^ - ^X2X3 + 5x1X2 " ^X,'^X2X2 + 'i>X2^X,X, " ^Xi^XiX^ = 0. (93) 

This CS describes the coisotropic deformations of the pencil of the hyperplanes. The system (93) admits 
the constraint $ = &X2J ^ — ^©xi under which it is reduced to the single equation 

^X1X4 ^X2X3 ^XlXl ^ X2X2 i.^XlX2 ) Ol{^X\ , X3 , X4) (94) 

where a(a;i, 0:3, 14) is an arbitrary function. At a = it is the celebrated heavenly equation |28j . 

This last example has a natural extension to the spaces of any dimension. Indeed, let us consider a 
rational pencil of hyperplanes in i?" defined by the equations 

n n 
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where afc(A) and fefe(A) are certain rational functions of the parameter A. The coisotropy condition 
{/11/2} |r= with the canonical Poisson bracket in i?^" for all values of A is equivalent to the system 
of differential equations for the coefficients of the rational functions afc(A), 6fc(A). This system coincides 
with that considered in [29j in connection with the commutativity condition of multidimensional vector 
fields. This coincidence is not accidental. It is a well-known fact that the expression for the commutator 
of vector fields is in one-to one correspondence with the expression of the Poisson bracket of functions 
linear in momenta {pj < — > ^f-)- 

9 Conclusion 

Coisotropic deformations studied in this paper form a special class of deformations of algebraic varieties. 
CSs describing such deformations represent themselves the differential constraints on coefficients of the 
functions fj, i.e. on the coordinates of parameter space for algebraic variety (for this notion see e.g. 
|30jl. Solutions of CSs generate particular subvarieties of dimension n (surfaces, hypersurfaces etc) in 
the parameter space. Examples of CSs considered in the paper are the integrable hydrodynamical type 
systems. They have number of remarkable properties (infinite sets of integrals, symmetries etc). These 
properties are inherited by the deformed algebraic varieties and they could be of algebro-geometrical 
relevance. 

For general solutions of CSs each member (for fixed Xi,i = 1, ...,n) of the family of deformed varieties 
is an algebraic variety in i?", but the totality of them (i.e. submanifold F) is not. Polynomial solutions 
of CSs are then of particular interest. For them the whole family of deformed algebraic varieties is 
an algebraic variety too (in i?^"). Thus, for such solutions of CSs families of coisotropically deformed 
algebraic varieties belong to the class of families of algebraic varieties which "vary algebraically with 
parameters". This class is "one that is fundamental in much of algebraic geometry" [301 (P-41). 



Acknowledgments CO. thanks J. -C.Thomas and V. Rubtsov for the fruitful discussion on the Poisson 
structures and A. Previtali for an introduction to the concept of Groebner basis. B.G.K. is grateful to 
the Isaac Newton Institute for Mathematical Sciences (Cambridge, UK) for kind hospitality during the 
programme "Discrete Integrable Systems" . 

References 

[1] S.P. Novikov, S.V. Manakov, L.P. Pitaevski and V.E. Zakharov, Theory of solitons.The inverse 
scattering method, Plenum, New York, (1984). 

[2] E. D. Belokolos, A. I. Bobenko , V. Z. Enolskii, A. R. Its and V. B. Matveev, Algebro-geometric 
approach to nonlinear integrable equations, Springer- Verlag, Berlin (1994). 

[3] G. B. Whitham, Proc. R. Soc. A, 283, 238 (1965) 

[4] H. Flaschka, M.G. Forest and D.W. McLauglin , Commun. Pure Appl. Math 33, 739 (1980). 

[5] B. Dubrovin and S. Novikov, Russ. Math. Surv. 44(6), 35 (1989). 

[6] B.A. Dubrovin, Commun. Math. Phys. 145, 415 (1992) 

[7] I.M. Krichever, Funct. Anal. Appl. 22, 206 (1988). 

[8] I.M. Krichever, Commun. Pure. Appl. Math. 47, 437 (1994). 

[9] Y. Kodama and B.C. Konopelchenko, J.Phys.A: Math. Gen., 35, L489-L500 (2002). 

[10] B.C. Konopelchenko and L. Martinez Alonso, J.Phys.A: Math. Gen., 37, 7859 (2004). 

[11] Y. Kodama, B.C. Konopelchenko, L. Martinez Alonso and E. Medina, J. Math. Phys., 46, 113502 
(2005) 



16 



[12] B. G. Konopelchenko, L. Martmez Alonso, E. Medina, J. Math. Phys. 41 (2000), no. 1, 385-413 

[13] F. Magri, Whitham equations and bidifferential ideals, talk given at the workshop "Integrable sys- 
tems in applied mathematics", Colmenarejo, Spain, 7-12 September, 2006. 

[14] B.G. Konopelchenko and F. Magri, Commun.Math.Phys., 274, 627-658 (2007) 

[15] B.G. Konopelchenko and F. Magri, Theor.Math.Phys., 151, 803-819 (2007) 

[16] B.G. Konopelchenko and F. Magri, Yano, Frobenius and Hirota manifolds, to appear. 

[17] A. Wcinstein, J. Math. Sec. Japan, 40, 705-727 (1988). 

[18] R. Bcrndt. An introducMon to sym,plectic geometry, Providence, Amer.Math.Soc, 2001 
[19] E. Wittcn, Nucl. Phys., B 340, 281-332 (1990) 

[20] R. Dijkgraaf, H. Verlinde and E. Verlinde, Nucl.Phys., B 352, 59-86 (1991) 
[21] B. Dubrovin, Nucl.Phys., B 379, 627-689 (1992) 

[22] E. Fcrapontov and O. Mokhov, The equations of the associativity as hydrodynamic type systems, 
in: Proc. of workshop "Nonlinear physics. Theory and experiment", Gallipoli, Italy, 1995 (M. Boiti 
et al, Eds); World Scientific Publ., River Edge, USA 1996, pp.104-115 

[23] D. Husemoller, Elliptic curves, Springer- Verlag, New York, Berlin, 1987 

[24] H McKean and V. Moll, Elliptic curves, Cambridge University Press, Cambridge, 1997 

[25] E. Ferapontov and M. Pavlov, Physica D 52, 211-219 (1991). 

[26] V.E. Zakharov, Dispersionless limit of integrable systems in 2-(-l-dimensions, in: Singular limits of 
dispersive waves, (N.M. Ercolani et al, Eds.) New York, Plenum, 1994 

[27] B.G. Konopelchenko, J. Phys. A: Math. Thcor. 40, F995-F1004 (2007) 

[28] J. F. Plcbanski, J. Math. Phys., 16, 2395 (1975) 

[29] V.E. Zakharov and A. B. Shabat, Funkt. Anal.Prilloz., 13, 13 (1979). 

[30] J. Harris, Algebraic geometry. A first course. Springer- Verlag, New York, 1992. 



17 



